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O ■ 1- Introduction 

O ■ , . m 

CN ' Recently, Khalfalah and Szemeredi [7] proved the following theorem, which was 

• conjectured by Erdos, Roth, Sarkozy and Sos [5]: 

Theorem 1.1. Let tp be a polynomial with integral coefficients and positive leading 
ON \ coefficient. Suppose that ip(l)ip(0) is even. Then for any m-coloring of all posi- 

tive integers (i.e., partitioning Z + into m disjoint non-empty subsets), there exist 
i — i monochromatic distinct x, y such that x + y = ip(z) for an integer z. 

H : 

In particular, if all positive integers are colored with m-colors, then there exists 
en \ a monochromatic pair x, y with x ^ y such that x + y is a perfect square. 

On the other hand, suppose that ip is a polynomial with rational coefficients 
and zero constant term, in [U] Li and Pan proved that for any subset A of positive 
i— \\ integers with 

Un [1,211 

^ ; limsup [ -^ J1 > 0, 

r i x— >oo X 

there exist x,y G A and a prime p such that x — y = ip(p — 1). This commonly 
■ generalizes two well-known results of Furstenberg j3] and Sarkozy [TP] [TT]. 
^ i Define 
O ; 

O ■ 

where 6 is the Euler totient function and 

A&,jy = : PFx + 6 is prime} 

for 1 < b < W with (b,W) = 1. In the present paper, our main result is the 
following theorem: 

Theorem 1.2. Let m, b , W be positive integers satisfying b < W and (b , W Q ) = 
1. Let i/j(x) be a polynomial with integral coefficients and positive leading coefficient 
satisfying that 

■0(1) or i/j(0) is even if 2 | W , 
i/j(b - 1) is even if2\ W . 



\og(Wx + b) if Wx + b is prime, 

otherwise, 




2000 Mathematics Subject Classification. Primary 11P32; Secondary 05D99, 11P55. 
This work was supported by the National Natural Science Foundation of China (Grant No. 
10471090). 



2 HONGZE LI AND HAO PAN 

Suppose that all positive integers are colored withm colors. Then there exist distinct 
monochromatic x, y such that x + y — ip{z) where z G Ab jy . 

We shall use one of Green's ingredients in his proof of Roth's theorem in primes. 
The key of Green's proof is a transference principle (which was greatly developed 
in [U]), i.e., transferring a subset of primes with positive relative density to a subset 
of Zjv = Z/iVZ with positive density, where N is a large prime. In the proof of 
Theorem II. 2} we shall transfer one subset of {ip(z) : z G A bW } to a subset of 
Ztv = Z/ATZ with the density very close to 1. 

Theorem 1.3. Let m, bo, Wq be positive integers satisfying b < Wq and (bo, Wq) = 
1. Leti/j(x) be a polynomial with integral coefficients and positive leading coefficient 
satisfying that 

{•0(1) or ?/>(0) is even if 2 \ Wo, 
ip(b - 1) is even if 2 \ W . 

Also, suppose that for each prime p, there exists 1 < c p < p such that both WoC p + bo 
and ^tp(c p ) are not divisible by p. Then for any m-coloring of all primes, there exist 
distinct monochromatic primes x, y such that x + y = ip(z) where z G Ab ,w - 

Let us explain why the existence of c p is necessary. Assume that there exists a 
prime p such that c p doesn't exist. That is, for each 1 < c < p, either Wqc + bo or 
\ip(c) is divisible by p. Then we may partition the set of all primes into 3p disjoint 
sets X\, . . . , X 3p with 

Xj = {x is prime : x < ip((p — b )/W )/2, x = j (mod p)}, 

X p+ j = {x is prime : x > ip((p — b )/W ), x = j (mod p)} 

and 

X 2p+ j = {x is prime : i[)((p - b )/W )/2 < x < ^({p - b )/W ),x = j (mod p)}. 
for j = 1,2, ... ,p. We claim that for each 1 < j < 3p, the set 

{(x, y,z): x, y G Xj, z G A bo ,w , x^y,x + y = i/j(z)} 

is empty. 

In fact, notice that now p divides one of Wqz + &o and ^ip(z) since c p doesn't 
exist. If p divides Wqz + bo, we must have Wqz + 6 = V since z G Ab 0t w - But it is 
easy to see that for 1 < j < p 

m&x{x + y: x, y G Xj, x ^ y} < 2 ■ ip((p - b )/W )/2 = ip(z), 
and for p + 1 < j < 3p 

min{x + y : x, y G Xj, x ^ y) > 2 ■ ip((p - b )/W )/2 = ip(z). 
So it is impossible that 

i/j(z) G Xj + Xj := {x + y : x, y G Xj, x ^ y} 
for any 1 < j < 3p. 

On the other hand, suppose that p divides ^ifj(z). Note that for any 1 < j < 3p 
and x,y G Xj, x = y = j (mod p). So if x + y = ij){z), then we must have 
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x = y = (mod p) . Thus we have x = y = p since x, y are both primes. This also 
concludes that if)(z) £ Xj + Xj for each j. 

2. Proof of Theorem 11.21 
Assume that n is a sufficiently large integer, and 

{l,2 1 ... I n}=X 1 U-UX m 
where X i n Xj = if i ^ j. 

Lemma 2.1. Let p be a prime. Let h(x) be a non-zero polynomial overlap. Suppose 
that S C Z p and |5| > degh + 1. T/ien i/iere exists b G S 1 sttc/i i/iai /i(6) ^ 
(mod p) . 

Proof. This lemma easily follows from the fact that 

\{x G Z p : h(x) = 0}| < degh, 

since h(x) doesn't vanish over Z p . □ 

Suppose if>(x) = aix k + • • • + a^x + a be a polynomial with integral coefficients. 
Let \I/ = max{(A; + l)Wo) l a i|j • • • > | Q fe|}- Let if)' denote the derivative of if). Then for 
any prime p > by Lemma 2.1, there exists 1 < b p < p— 1 with 6 p = b (mod Wo) 
such that (if>'((b p — b )/Wo),p) = 1. And for each prime p < ^, we may choose 
6 P > 1 with p f bp such that 6 P = b (mod Wo) and V'((&p _ b )/W ) > 0. In 
particular, we may assume that ^((62 — &o)/Wb) is even if 2 | Wo. Let 

k= n p^ (v, ' ((6p_6 ° )/w/o)) , 

p prime 

where z/ p (x) = max{w G Z : p^ | a;}. 

Let /« = 10 -4 iir _1 m _1 . Let w = [log log log log nj and 



w= n 



If 



p prime 

Without loss of generality, we may assume that w > Suppose that N is a prime 
in the interval (2n/W, (2 + njn/W)]. Thanks to the prime number theorem, such 
prime N always exists whenever n is sufficiently large. By the Chinese remainder 
theorem, there exists < b < W — 1 such that for each prime p < w 

W b + b = b p (mod p^WO), 

since b p = b (mod W ). Clearly (W b + b , WW ) = I. We claim that if){b) is even. 
In fact, when W is odd, b = b 2 — b = b — 1 (mod 2). And if W is even, we also 
have 2 | if>{b) since b = (62 — 6o)/Wo (mod 2). 



Define 



( . . iP(Wx + 6) - if;{b) 
Vbyv\ x ) = 



W 

Let M = max{x G N : ipb,w(x) < KN}. Let B be a sufficiently large positive 
constant (only depending on /c). Let 

W as = {a G T : |ag - o| < (log M^M^M)}, 
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Wl = |J wt a , q 

l<a<?<(logM) s 
{a,q)=l 



and m = T \ Wl, where T = R/Z. 
Lemma 2.2. For a G ^fl a , q , 



M 

^2i>tw( x ~ ^)^w a b+b ,ww {x)e(ai) bW (x)) 

x=l 

i>b,w(M) 



<nn ' J ' ^2 e{aik,w(r)/q) e((a - a/ q)^ w (x)) 



0(W o g) 

(WWor+W 6+&o,g)=l 

+ 0(^(M)(logM)- B ), 
w/iere ^^W( x ) = V'&.wfa + 1) - ip b ,w(x). 

Lemma 2.3. Suppose that U > e aiWk . For any A > 0, there is a B = B(A, k) > 
such that, 

N 

Y,\w{x)e{a^j{x)) < B iV(log N)~ A 

x=l 

provided that \a — a/q\ < q~ 2 with 1 < a < q, (a, q) = 1 and ()ogN) B < q < 
ip{N){\ogN)- B . 

Lemma 12.21 is the immediate consequence of Lemmas 2.3 and 2.4 of [5]. The 
proof of Lemma |2~31 is standard but too long, so we omit the details here. And the 
readers may refer to [9] for the proof. 

Clearly ip b ,w is positive and strictly increasing on [1,M] provided that W is 
sufficiently large. Define 



ox 



^wi* ~ l))w b+bo,wWo(z)/i>b,w{M) if x = ip b ,w(z) for a 1 < z < M, 
otherwise. 



For any / : — > C, define 



N 



f(r) = J2f(x)<-xr/N). 

x=l 

Lemma 2.4. For any O^rG Zjv, 

\a{r)\ < dKw~^+v , (2.1) 
where C\ is a constant (only depending on k). 
Proof. If r/N G m, then by Lemma [2.31 and partial summation, 

1 M 

a ( r ) = 1 7IF\ zl^iwiz - l)X Wob+botWWo (z)e(-il) biW (z)r/N) < (logM) \ 

ip bt W{M) ^ 
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Suppose that r/N G 0Jt Q;(? . Then by Lemma I2~2l 



M 



~, — -JJI\ y2^tw( z - l )^w b+b ,ww {z)e{-i) btW {z)r/N) 
iPb,w{ M ) ~[ 

, . Tp b ,w(M) 

<>( " Yl e{-^ w {s)a/q) £ e(x(r/N - a/q)) 



cj>(WW q)iP b , w (M) 

(WW s+W b+b ,q)=l 

+ 0((logM) 



-B \ 



Notice that the leading coefficient of ipb,w( x ) is a>iW k 1 , and the coefficient of x 1 
in ipb,w( x ) coincides with 



^ ) = Tx\ w 



dip(x) 



x-*q dx 



rl/(b). 



Also, clearly for each prime p < w, ip'(b) = ip'((b p — b )/Wo) (mod p w ) since 
Wob + bo = bp (mod p w+ "p( w °)y Therefore when w is sufficiently large, we have 

(^(fe),^^- 1 ) = (^'(6),^) = n p up ^ ,{ibp - bo)/w)) = k. 



Thus by Lemma 2.7 of [9], 



^2 e(ip b:W (s)a/q) < Kq 1 W 5 ). 



l<s<q 
(WW s+W b+b ,q)=l 

Let q 2 be the largest divisor of q prime to W and q\ = q/q 2 . If q \ W, then either 
q 2 > w or q > 2 W . Hence 

, . i>hM M ) 
" n i e^ b>w (s)a/q) £ e(x(r/N - a/q)) 



<j>(WW q)i; biW (M) 

(WW s+W b+b ,q)=l 



i l 

<- 



'q 1 4>(q 2 )ip b ,w(M) 



i>h,w{M) 

e{x{r / N — a / q)) 



x=l 



Below assume that g | W 7 . Since W divides the coefficients of x l in i/j bj w(x) for 
2 < i < k, we have 



l<s<q l<s<q 
(WW s+W b+b ,q)=l 



q tfq\(i//(b),W) = K, 
otherwise. 
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Now suppose that q | K. Since KN - ip b>w (M) < ^ W (M), then 

il>b,w(M) KN 

e(x(r/N - a/q)) = £ e(x(r/N - a/q)) + 0(^ W (M)) 

x=l x=l 

=0(AV(M)). 

This concludes that if q | W then 

° ( 0) £ e(^ w ( 8 )a/q) £ e(x(r/N - a/q)) 



0(WW»q)v lKW (M) 

(WW s+W b+bo,q)=l 

=0((\ogM)- B ). 



By the pigeonhole principle, there exists 1 < i < m such that 

n iV 
|{x6lin[t/;(lf),n] : x = ip(b)/2 (mod KW)}\ > - xp{W) > 



□ 



mKW 7 4miT 
Without loss of generality, we may assume that X 1 is such a set. Let 

A — {(x — ijj(b)/2)/W : iGlifl ty>(W), n]: x = *p(b)/2 (mod W)}. 

Suppose that there exist x',y' G A and z' G A Wob+b0tWWo such that x' + y' = 
ip b ,w(z'). Then letting x = Wx' + ip(b)/2, y = Wy''+ tp(b)/2 G X 1 and z = 
Wz' + b G Afto^o, w e have x + y = ip(z). 

Below we consider A as a subset of Zjv. We claim that if x, y G A and z G 
Avk 6+6 ,ww H [1, M] satisfy x + y = ipb,w( z ) in Zjv, then the equality also holds 
in Z. Suppose that x + y = vpb,w( z ) — ZiV for an integer Z. Then < / < K since 
n/W < N/2 and i>b,w{ z ) < KN. Notice that K divides x + y and all coefficients 
of ipb,w- We must have if | /, whence I = 0. Furthermore, we may consider a as a 
function over Zjv, i.e., 
(z— 1) 

VWM) VoWo,w (^) if x = 4> b ,w( z ) m z n for a 1 < z < M, 
otherwise. 

This function is well-defined. In fact, assume that 1 < zi, z-i < M and ipb,w i z i) — 
i>b,w{ z 2) in Zjy. Then ip b ,w( z i) = *Pb,w( z 2)+lN in Z where |/| < X. But tpb,w( z i) = 
^by/[ z 'i) (mod if), so Z = and zi = 22- 

Let 1] and e be two positive real numbers to be chosen later. Let 

U = { r G Z N : |o(r)| > r]} 

and 

£ = { x G Z N : \\xr/N\\ < e for all r G ft}, 
where ||x|| = min{|x — z\ : 2 G Z}. Define b = 1b/|£>| and a' = a * b * b, where 
Is 0*0 = 1 or according to whether x G £> or not and 

/*#(x) = £ f{y)g{x-y). 
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Lemma 2.5. If > k 1 C\Kw fe ( fc + 3 ) , then for any x G Z^v 

1 + 2k 



\a'(x)\ < 



N 



Proof. It is easy to see that (/ * g) — f ■ g. By Lemma 12.21 for a = and Lemma 

1231 



(X) 



< 



r 



-|b(o)| 2 g '^ (M) 'k^,w ^ , N 



— sup|a(r)|^|b( 



1 + k C x Kw fc ( fc + 3 > 



N 



\B\ 



By the pigeonhole principle (cf. [121 Lemma 1.4]), we have \B\ > e^N. All are 
done. □ 



Lemma 2.6. 



\~a(r)\ p <C(p)K. 



r&L t 



provided that p > k2 k+3 , where C(p) is a constant only depending on p. 
Proof. Note that 

1 M 

^ ' a ^' P = ImYp S J2^w( z - l)*w b+bo,ww (z)e(-ijJb,w(z)r/N) 

rez N Wb,W\ ) r&N z=1 

Thus Lemma [2.61 easily follows from Lemma 2.10 of [5]. 

Lemma 2.7. 

l A (x)l A (y)a(z) - Yl U(x)l A (y)a'(z) 



□ 



l<x,y,z<N 
x+y=z 



l<x,y,z<N 
x+y=z 



<C 2 K{e 2 r]~ k2k+a + V ^^)N, 
where Ci is a positive constant (only depending on k). 
Proof. It is easy to see that 

l A (x)l A (y)a(z) = i £ l A (r)l A (-r)~a( 



i<x,y,z<N 

x+y=z 



and 



Y, lA(x)l A (y)a'(z) = 1^ U(r)l A (-r)~a(r)b(r 

x,y,z<N rgZiv 



l<x,y,z<N 
x+y=z 
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Hence 



£ l A (x)U(y)a(z) - U{x)U{y)o!{ 

l<x,y,z<N ^<x,y 
x+y=z x+y 

-j= E L(r)L(-r)o(r)(l-b(7 



iV 



Let p = /c2 fc+3 . If r e 72, then by the proof of Lemma 6.7 of [5J 



|1 - b(r) 2 | < 32e 2 



So 



£ l A (r)lx(-r)a(r)(l - b(r) 2 ) < |1 - b(r) 2 | £ |l A (r)| 2 |a(r)| < 64e 2 iV 2 |72|. 



By Lemma [2.61 we have, 



rell 



Applying the Holder inequality, 

£l A (r)l A (-r)a(r)(l-b(? 



< 



£l A (r)l A (-r)a(r)(l-b( 



<2A^p+! sup ^(r)!^ 1 ( |1 



•A v J 



p 
p+i 



El* 

r0l 



p+i 



i li 



<2C(p)^/A^7^iV 2 , 
where we again use Lemma [2.61 in the last step. 
Lemma 2.8. 

E l A (x)l A (y)a'(z) > n 4 N. 



Proof. Let 



x,y,z 
x+y=z 



21 = {x E Z N : a'(x) > k/N}. 



Then by Lemma [2.51 



1 _i_ 2 k k 

" -1*1 + -^(n - \%\) > E *'(*) = E a ^ ^ 1 



iV 



whence |2l| > (1 - 3k)JV. Define 

= lU^i,^,^) : x 1 ,x 2 e A,x 3 e 21, x x + x 2 -x 3 = x}\. 



□ 
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By Lemma 3.3 of [S], we know 

91 A I -l- 191 1 — N 
va,aMx) > (min{H,j9il, 1 })*N~\ 

for any i G Zjy. It follows that 



l A {x)l A {y)o!{z)> ^ = ^a,aMV)>* 4 N. 

x,y,z£Z,N x,y£A,z£$l 
x+y=z x+y=z 



□ 



Combining Lemmas 12.71 and 12.81 we obtain that 
U(x)l A (y)a(z) 



l<x,y,z<N 
x+y=z 



> 



U{x)l A {y)o!{z) - C 2 K(e 2 r]- k2k+3 + v ^r^)N 



l<x,y,z<N 
x+y=z 

>k a N - C 2 K(e 2 r]- k2k+3 + r ] ^ w ^)N. 
We may choose sufficiently small 77 and e such that 

and C2K{e 2 rj~ k2,k+3 + r] k2k+3 + 1 ) < k 4 /2, provided that w is sufficiently large. Thus 

x,y£A, l<z<N x,y&A, l<z<N \<z<N * 

xj^y, x+y=z x+y=z 

All are done. □ 

3. Proof of Theorem 11.31 

Let V denote the set of all primes. Assume that V = X\ U • • • U X m where 
Xi n Xj = if i ^ j. Also, let k = lO^K^m' 1 . 

Let \l/ = max{(2fc + l)Wo, |ai|, . . . , |ofc|}. Then for a prime p > by Lemma 
2.1 we know that there exists 1 < b p < p — 1 with b p = bo (mod Wo) such that 

ip'((b p - b )/W )<ip((b p - bo) /Wo) £ (mod p). 

For a prime p < ^, we may choose b p > 1 such that 

6 p = W c p + bo (mod pW ) 

and ip'((b p - b )/W ) > 0. Let 

K = n 

P pr 

P< 

where u p (x) = max{ti E Z : p 1 " | x}. 



^(^((ftp-ioJ/Wb)) 



p prime 
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Suppose that n is a sufficiently large integer. Let w = [log log log log n\ and 



w = n 



prime 

p<w 

Same as previous section, there exists 1 < b < W — 1 such that 

W b + b = b p (mod p w +»p( w ^) 

for each prime p < w. And also we know that tp(b) is even. 
By the prime number theorem, we know 

V log* = + 

^ ° gX c/>(KW) • 

l<x<n, x prime ' 
x=tp(b)/2 (mod KW) 

Hence in view of the pigeonhole principle, without loss of generality, we may assume 
that 

logx > 



mMKW) 

x=tp(b)/2 (mod KW) 

Let N be a prime in (2n/W, (2 + K^n/W] and 

A — {{x — ip(b)/2)/W : xeliH fy>(W), n],x = ip(b)/2 (mod i^TW)}. 

Below we consider A as a subset of Z^r. Similarly, if x' + y' = ip^wiz') holds in 
Z N for x', y' G A and z' G A H / ob+b0) i VH / , then we also have x + y = ip(z) holds in 
Z where x = + ij){b)/2, y = Wy' + ip{b)/2 G X x and z = Wz' + o G A bo , Wo - 
Define a = lA^ij>(b)/2,Kw/N. Clearly we have 



N 1 



x=l 



Lemma 3.1 (Bourgain [TJ [2] and Green [5]). 



2>(r)r<c(p) 



r=l 



/or any p > 2. 

Proof. See (5j Lemma 6.6]. □ 
Let 

i? = {r G Ziv : |2(r)| > 77} 

and 

B = {iG Zjv : \\xr/N\\ < e for all r G 
Define /? = 1 B /\B\ and a' = a* (3 * (3. 
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Lemma 3.2. 



^ a(x)a(y)a(z) - ^ a'(x)a'{y)a'{z) 



l<x,y,z<N 
x+y=z 



l<x,y,z<N 
x+y=z 



where C3 is a positive constant (only depending on k). 
Proof. We have 

a(x)a{y)a{z) - ^ a'(x)a'{y)a'{z) 



l<x,y,z<N 
x+y=z 



l<x,y,z<N 
x-\-y=z 



: _L Hr)a(- r )~a(r)(l-P( r ) 2 p(- r ) 2 b(r) 



reZjv 

Let p = k2 k+3 . If r G RMl, then by Lemma 6.7 of 0, 

|l-/3(r) 2 )/3(-r) 2 b>) 2 | < 2 15 e 2 . 

It follows that 

a(r)a(-r)a(r)(l - (3(r) 2 (3(-r) 2 b(r) 2 



r^Rnn 



<2 15 e 2 ^ 



\a(r)\ 2 \a(r) 



rearm 
<2 ie e 2 mm{\R\,\n\}. 

And by Lemma 12.61 we have \R\ < C'(p)r]~ p . Also, by the Holder inequality, 
Lemmas I2.6I and I3.ll 

a(r)a(-r)o(r) ( 1 - /3(r) 2 /3(-r) 2 b(r) : 



<2 sup \a(r)a(r)\p+ 1 ( 



|afr)| 2+ ' ) 



<2C7'(2 + l/p)^C(p)^K^r]^. 



r^Rnn 
11 



r^RnH 



p+i 



□ 



Lemma 3.3. J/e^' > 21oglogw/w ; then \a!(x)\ < 2/N for any x G Zjv- 
Proof. See (5j Lemma 6.3]. □ 
Let 

A' = {x G Z N : a'(x) > re/JV}, %l = {x e Z N : a'{x) > k/N}. 
Then by the proof of Lemma 12781 we have |2l| > (1 — 3k)N. By Lemma l3~3l we have 

^'i + - \ A '\) * E «'(*) = E "(*) ^ 



xGZff 
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Hence by Lemma 3.3 of [H] 



a(x) - j{- -N } > 2h\\. 



a\x)a'(y)a'(z) > ^ a'(x)a'(y)a'(z) > ^u A ,, A >, -a(0) > ^. 

l<x,y,z<N x,yeA',z& 
x+y=z x+y=z 



We may choose sufficiently small i] and e such that 

e C(^)v-™ k+3 >2loglogw/w 

and 

So by Lemma 13.21 we have 

(f)(KW) 2 (\og(KWN + ip(b))) 2 



x,yGA, l<z<iV 
xj^y, x+y=z 



u 



> ^ a'(^)a , (2/)a'W-C'3^^ T (e 2 ^" fc2fc+3 +r7^ 5 ^)Ar- 1 



0(KH/) 2 (log(irH/AT + i>{b))f 



l<z<N 



> 

~3iV 



r/ + r/' 

6 



□ 
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